Abstract. Let X be a "nice" space with an action of a torus T . We consider the Atiyah-Bredon sequence of equivariant cohomology modules arising from the filtration of X by orbit dimension. We show that a front piece of this sequence is exact if and only if the H * (BT )-module H * T (X) is a certain syzygy. Moreover, we express the cohomology of that sequence as an Ext module involving a suitably defined equivariant homology of X. This can be combined with an equivariant version of Poincaré-Alexander-Lefschetz duality, which we also establish.
Introduction
Consider an action of the torus T ∼ = (S 1 ) r on a space X satisfying some mild conditions (stated in Sections 3.1 and 4.1). Let X i be the T -equivariant i-skeleton of X, i.e., the union of all orbits of dimension at most i. By work of Atiyah [3] and Bredon [6] , the following "Atiyah-Bredon sequence" is exact if the equivariant cohomology H * T (X) with rational coefficients is free over the polynomial ring R = H * (BT ):
The part
is also called the "Chang-Skjelbred sequence" because Chang and Skjelbred [10, Prop. 2.4] proved, roughly at the same time as Atiyah and Bredon, that (1.2) is exact if H to apply this method. This suggests that the sequence (1.2) might be exact under much weaker assumptions than the freeness of H * T (X). In this paper we address the following questions:
(1) Under which condition is the Chang-Skjelbred sequence exact? In other words: For which T -spaces does the GKM method work? (2) If the Atiyah-Bredon sequence is not exact, what is the meaning of its cohomology? In fact, we look at a more general question than (1) : Under which condition is the Atiyah-Bredon sequence exact from the left up to (and including) the j-th position, i. e., up to the term H * T (X j , X j−1 )? Here exactness at j = −1 has to be interpreted as exactness at H * T (X). To answer this question, we need a notion from commutative algebra. A finitely generated R-module M is called a j-th syzygy if there is an exact sequence To address the second question, we consider a suitably defined equivariant homology H T * (X) of X. We stress that this is not the homology of the Borel construction X T , see Section 3.3. Equivariant Poincaré duality holds in the sense that for a rational Poincaré duality space X of formal dimension n capping with the equivariant fundamental class gives an isomorphism H * T (X) → H T * (X) of degree −n. Moreover, let H * (AB * (X)) be the cohomology of the Atiyah-Bredon sequence (1.1), considered as a complex of R-modules and with the term H * T (X) omitted. Our main result shows in particular that H * (AB * (X)) is completely determined by H T * (X): Theorem 1.2. Let X be a T -space. For all j ≥ 0 there is an isomorphism of R-modules H j (AB * (X)) = Ext j R (H T * (X), R). In particular, if X is a rational Poincaré duality space of formal dimension n, then for all j ≥ 0 there is an isomorphism of R-modules of degree −n H j (AB * (X)) = Ext j R (H * T (X), R). The Atiyah-Bredon sequence is the E 1 page of the spectral sequence induced by the equivariant skeletons X i and converging to H Theorem 1.2 by proving that these two spectral sequences are actually isomorphic from the E 2 page on.
Recall that an R-module M is called reflexive if the canonical map T,c * (X). Moreover, Poincaré duality and Poincaré-Alexander-Lefschetz duality can be used to combine different supports. We extend Poincaré-AlexanderLefschetz duality to our equivariant setting and formulate it in terms of spectral sequences.
Theorem 1.5. Let X be an oriented n-dimensional rational homology manifold with a T -action, and let
be a filtration by locally contractible, closed invariant subsets. Then taking the cap product with the equivariant orientation o T induces an isomorphism (of degree −n) from the E 1 page on between the spectral sequences
(Here E p 1 refers to the p-th column of a spectral sequence, considered as Rmodule.) We use Poincaré-Alexander-Lefschetz duality in Proposition 6.8 to generalize a result of J. Duflot [12] from smooth actions on manifolds to continuous actions on homology manifolds. The paper is organized as follows: In Section 2 we collect some results from algebra that we will need later on. In particular, we discuss Cohen-Macaulay modules, syzygies and the Koszul resolution. In Section 3 we review the singular Cartan model for T -equivariant cohomology and introduce equivariant homology. As in the non-equivariant theory, homology and cohomology are related via a universal coefficient theorem and via Poincaré duality. In Section 4 we prove our main result, the spectral sequence version of Theorem 1.2. Section 5 contains consequences of the main result, in particular to the partial exactness of the Atiyah-Bredon sequence and to Poincaré duality spaces. The extension of our results to cohomology with compact supports and homology with closed supports is discussed in Section 6. We conclude with two examples in Section 7.
2. Algebraic background 2.1. Standing assumptions. Unless specified otherwise, we work over a ground field k of arbitrary characteristic, and all tensor products are taken over k. The letter R denotes a polynomial ring in r indeterminates of degree 2 with coefficients in k, and m ⊳ R its maximal graded ideal. All R-modules are assumed to be graded. We consider k as an R-module (concentrated in degree 0) via the canonical augmentation. For an R-module M and an l ∈ Z the notation M [l] denotes a degree shift by l, so that the degree l
In the following subsections we review some notions from commutative algebra. Apart from the references given below, the reader might also find the summary of results in [2, App. A] helpful. They were compiled with applications in equivariant cohomology in mind.
All R-modules are assumed to be finitely generated for the rest of this section. 
The following well-known property of Cohen-Macaulay modules will be crucial for us, cf. [19, Lemma 4.3] 
2.4. The Koszul resolution. The easiest way to obtain syzygies over a polynomial ring is to use the Koszul resolution
indeed, the image of δ j is a j-th syzygy by definition. We define
The degrees shifts ensure that K j is generated in degree 0. For example, the maximal homogeneous ideal of R is m = K 1 [2] , and K r = R. (Recall that R is generated in degree 2.) We set K 0 = k and K r+1 = 0 for convenience. In Section 7 we will need the following property of the Koszul syzygies.
Moreover, any short exact sequence of R-modules
Proof. The first claim is an easy calculation based on the self-duality of the Koszul resolution. The second part follows from the first and the fact that (graded) extensions of the form above are classified by the degree 0 part of
The observation that extensions of R-modules
(with maps of degree 0) are classified by the degree 0 part of Ext 
The map f 1 determines a degree 0 class in Ext
This class is independent of the choices made, and is zero if and only if the extension (2.5) splits.
3. Equivariant cohomology and homology 3.1. Standing assumptions. C * (−) and C * (−) denote normalized singular chains and cochains with coefficients in k, and H * (−) and H * (−) singular (co)homology. We adopt a cohomological grading, so that the homology of a space lies in nonpositive degrees; an element c ∈ H i (X) has cohomological degree −i.
Throughout, T ∼ = (S 1 ) r denotes a torus of rank r. The cohomology ring R = H * (BT ) of its classifying space is a polynomial algebra on r generators of degree 2. All T -spaces are assumed to be Hausdorff, second-countable, locally compact and locally contractible. Important examples are topological manifolds, complex algebraic varieties, and countable, locally finite CW complexes, each with a continuous T -action.
It follows from our assumptions that every subset Y ⊂ X is paracompact, hence singular cohomology and Alexander-Spanier cohomology are naturally isomorphic for all T -pairs (X, Y ) such that Y is locally contractible. This will be a standing assumption on all T -pairs we consider (which automatically holds for Y ⊂ X open).
We additionally assume that the (co)homology of a space X is finite-dimensional over k. This is equivalent to the equivariant cohomology H * T (X) being finitely generated over R. The normalized singular chain complex C * (T ) is a (graded) commutative dg bialgebra via the Pontryagin product and the Alexander-Whitney diagonal ∆. Moreover C * (X, Y ) and C * (X, Y ) are naturally dg modules over C * (T ) for any Tpair (X, Y ).
The k-vector spaces H 1 (T ) and H 2 (BT ) are canonically dual to each other by the transgression homomorphism H 1 (T ) → H 2 (BT ). We choose dual bases (x 1 , . . . , x r ) of H 1 (T ) and (t 1 , . . . , t r ) of H 2 (BT ) as well as representatives a i ∈ C 1 (T ) of the homology classes x i . We require the a i to be primitive, i. e., ∆a i = a i ⊗ 1 + 1 ⊗ a i for all i. For example, if the basis (x i ) is induced by a basis of H 1 (T ; Z), then a i can be the 1-simplex that wraps once around the i-th factor of the corresponding decomposition of T into circles.
For a T -pair (X, Y ), consider the free R-module
The assignments
, that is, a dg algebra and dg R-module such that the product is R-bilinear. (Here one uses that C * (T ) is (graded) commutative and that the representatives a i are primitive.)
We define the T -equivariant cohomology of (X, Y ) by
) and, following [17] , call (3.1) is the singular Cartan model of (X, Y ). It can be shown that H *
, where X T = (ET × X)/T denotes the Borel construction (or homotopy quotient) of X. In particular, H * T (X) does not depend on the choices made above. Filtering (3.1) by R-degree leads to a first quadrant spectral sequence with (3.5)
. This spectral sequence is isomorphic to the Serre spectral sequence for the fibration X → X T → BT from the E 2 page on, cf. the proof of [17, Thm. 4.7] .
3.3. Equivariant homology. We define the equivariant chain complex C T * (X, Y ) of the T -pair (X, Y ) to be the R-dual of the singular Cartan model,
Note that in general this is not the homology of the Borel construction X T . For example, for a point
We will see in Remark 3.1 that H T * (X) is bounded below under our assumptions on spaces.
It turns out that H T * (X) is a suitable equivariant homology in the sense that it enjoys many desirable properties. For example, it is related to H * T (X) via a universal coefficient theorem over R (Proposition 3.3) and, in case of a Poincaré duality space, also via equivariant Poincaré duality (Proposition 3.5). It is therefore not surprising that other people have considered this or similar constructions before. We are aware of Jones [22, §5] (for T = S 1 ), Brylinski [9] (for intersection homology), Edidin-Graham [13, Sec. 2.8] (for algebraic varieties and homology with closed supports), van Hamel [25] (for discrete groups) and Kreck and Tene [24] (for stratifolds). Equivariant homology is also implicit in [2, p. 353] . T (X, Y ) and a finitely generated free replacement A ⊗ R with k over R yields homotopy equivalences between C * (X, Y ) and A. Hence, if one filters both dg R-modules by R-degree, then the maps of spectral sequences induced by the R-homotopy equivalences become isomorphisms from the E 1 page one. The same applies to C T * (X, Y ). Therefore, in any argument involving a comparison of spectral sequences obtained as above, one need not worry about convergence issues for C T * (X, Y ) as one could always replace this complex by one which is bounded below, without affecting the pages from E 1 on.
In particular, there is a convergent spectral sequence
which is a non-equivariant quasi-isomorphism induces an isomorphism not only in equivariant cohomology (by virtue of the Serre spectral sequence (3.5)), but also in equivariant homology.
We remarked in Section 3.2 that H * T (X) does not depend on the choice of representatives a i ∈ C 1 (T ), hence neither on the chosen basis x 1 , . . . , x r ∈ H 1 (T ). Although we will not need it in the sequel, we prove the analogous statement for H T * (X) for the sake of completeness; an alternative proof for H * T (X) will be given along the way. 
Proof. We haveâ
is a morphism of dg R-modules, and the induced map between the E 1 pages (3.5) is the identity. Hence H *
3.4. Universal coefficient theorem. In the case of an ungraded coefficient ring, universal coefficient theorems are standard results in homological algebra. We need the following variant.
, the existence of the first spectral sequence follows from the following claim: Let M be a dg R-module which is free over R if one forgets the differential. Then there is a spectral sequence converging to H * (Hom R (M, R)) with E 2 page Ext R (H * (M ), R). To prove this claim, we take a (graded) injective resolution
with total complex I and consider the double complex
Filtering by q-degree and using the freeness of M , we see that the canonical injection Hom R (M, R) → C is a quasi-isomorphism. Filtering by p-degree instead leads to a spectral sequence with
This also establishes the existence of a spectral of the second type converging to the cohomology of the R-dual of C
is a finite-dimensional vector space, another spectral sequence argument shows that the canonical inclusion
is a quasi-isomorphism. (Note that in this part we are using Remark 3.1 to ensure naive convergence of all spectral sequences.)
Example 3.4. Consider the homogeneous space
by a computation similar to Lemma 2.4. The universal coefficient spectral sequence therefore degenerates to a single column, and
Note that both H * T (X) and H
A generalization of this toy example in Section 4.1 will be a crucial ingredient for our main result.
3.5. Poincaré duality. We say that X is a k-Poincaré duality space (PD space for short) of formal dimension n if there is a distinguished class o ∈ H n (X) (the orientation) such that the Poincaré pairing (of degree −n)
is non-degenerate. Equivalently, this pairing is perfect, which means that the induced map (3.14)
is an isomorphism of vector spaces (of degree −n). 
is the edge homomorphism of the spectral sequence (3.8) . Hence the first claim holds because H n (X) ⊗ 1 is the only term of total degree −n in the E 1 page.
Let c T ∈ C T n (X) be a representative of o T , so that its restriction to C n (X) is a representative of o. Consider the morphism of dg R-modules
and filter both sides by R-degree. It follows that the induced map between the E 1 pages of the associated spectral sequences is the R-linear extension of the nonequivariant Poincaré duality map, hence an isomorphism. Remark 3.6. Equivariant Poincaré duality does not necessarily translate into the non-degeneracy (let alone, perfection) of the equivariant Poincaré pairing
is a torsion R-module (which by the Localization Theorem means that there are no fixed points), then the pairing (3.15) is trivial. This happens for instance in Example 3.4 unless T ′ = T . We will come back to this point in Section 5.3.
The main result
4.1. The orbit filtration. For −1 ≤ i ≤ r, we define the equivariant i-skeleton X i of X to be the union of orbits of dimension at most i. In particular, X −1 = ∅, X 0 = X T is the fixed point set, and X r = X. All X i are closed in X. From now on we assume that the characteristic of our ground field k is 0. We also require that X be finite-dimensional and that the set {T 0 x : x ∈ X} be finite, where T 0 x denotes the identity component of the isotropy group T x . Moreover, all X i are assumed to be locally contractible and all H * (X i ) finite-dimensional. This ensures that the X i satisfy our assumptions on spaces stated in Section 3.1, and all pairs (X i , X j ), i ≥ j, our assumptions on T -pairs. See Remark 4.4 below for a possible weakening of these assumptions. That H * T (X i , X i−1 ) is Cohen-Macaulay was already crucial for Atiyah [3, Lecture 7] , hence also for Bredon [6] and Franz-Puppe [19] .
Proof. Assume first that for all
. By tautness and excision,
the direct limit being taken over all T -invariant open neighbourhoods U of X i−1 in X i , which are cofinal among all open neighbourhoods. Using that k is a field of characteristic 0 and that T ′′ acts with finite isotropy, we get
is of the same algebraic type, so that this module is Cohen-Macaulay of dimension r − i as well. (Cf. Example 3.4.) In the general case, X i \ X i−1 is the disjoint union of finitely many spaces
and we can conclude by the same reasoning as before.
The filtration of X by equivariant skeletons leads to a spectral sequence converging to H * T (X). The E 1 page is the Atiyah-Bredon sequence (1.1) and the E 2 page therefore H * (AB * (X)). The corresponding spectral sequence for equivariant homology is much easier to understand: 
Proof. By Proposition
4.1, E 1 p is zero or Cohen-Macaulay of dimension r − p. Lemma 2.2 therefore rules out any non-zero higher differential d s : E1 p → E 1 p−s . Corollary 4.3. Ext q R (H T * (X p , X p ′ ), R) = 0 for q ≤ p ′ or q > p.
Proof. By Corollary 4.2, H
T * (X p , X p ′ ) has a filtration whose successive quotients are of the form H
The claim therefore follows from Proposition 4.1 and the long exact sequence for Ext. 
Let I be the total complex associated to the injective resolution (4.4). On the dg R-module Hom R (C T * (X), I) we introduce two decreasing filtrations O and I with
Because we cannot compare these filtrations directly, we additionally consider the "diagonal" filtration D with
We are going to show in Sections 4.3 and 4.4 that the maps of spectral sequences associated to the inclusions D → O and D → I become isomorphisms from, respectively, the E 1 and E 2 pages on.
The orbit filtration also induces a decreasing filtration on C * T (X), which by abuse of notation we denote by O as well.
Lemma 4.7. The canonical map
is a quasi-isomorphism preserving the filtrations O. Moreover, the associated map of spectral sequences is an isomorphism from the E 1 page on.
Proof. The map above is clearly filtration-preserving. Because I is the direct sum of injective modules, the induced map on the E 0 page is
This map is a quasi-isomorphism, cf. the proof of Proposition 3.3.
Note that
because each module I p is injective. Together with the comparisons of D, O and I below this completes the proof of Theorem 4.5 as the naturality in X is clear by construction. To prepare for the comparisons, we state two lemmas.
Lemma 4.8. Hom R (H
Proof. Assume that f ∈ Hom R (H T * (X, X p ), I q ) is non-zero. Because I q is the graded injective hull of M q , there is an a ∈ R such that af (y) ∈ M q for all y ∈ H T * (X, X p ) and 0 = af ∈ Hom R (H T * (X, X p ), M q ). But this is impossible: Using Corollary 4.3 and the long exact Ext sequence coming from (4.5), one can show by induction on q that
vanishes for p ≥ q.
Lemma 4.9. The inclusion M p → I p induces a quasi-isomorphism
Proof. 
Comparing D and O.
We have
Filtering both E 0 pages by I-degree gives spectral sequences converging to E 
The filtration O induces filtrations on both E 0 pages, This gives spectral sequences converging to E p 1 (D) and E p 1 (I), respectively, with E 0 pages
For the second spectral sequence, we have
Because each I q is injective, Corollary 4.2 implies that this spectral sequence de-
For the first spectral sequence, we claim that
The claim is trivial for p < q, and Lemma 4.8 proves it for p > q. For the case p = q, we filter Hom R (C T * (X p , X p−1 ), I ≥q ) by I-degree. By the injectivity of the modules I s , this leads to an intermediate spectral sequence whose E 1 page
can in fact be written in the first form for all s by Lemma 4.8. Hence, the claim follows from Lemma 4.9, and the original spectral sequence degenerates at the
. So far, we know the associated graded modules of E 1 (D) and E 1 (I) induced by the filtration O. We keep the filtration and compute E 2 (D) and E 2 (I) with the help of yet another spectral sequence, starting with E 0 E 1 (D) = E ∞ E 0 (D) and similarly for I. Hence, the map
In plain language, the spectral sequences for the filtrations D and I are isomorphic from the E 2 page on.
Consequences and applications
The ground field k is still assumed to be of characteristic 0 in this section, and the assumptions of spaces spelled out in Sections 3.1 and 4.1 remain in force as well.
5.1. Immediate consequences. Theorem 4.5 implies in particular that the E 2 pages of the two spectral sequences coincide. Due to its importance, we state this result separately.
Theorem 5.1. For any j ≥ 0, the j-th cohomology of the (non-augmented) AtiyahBredon sequence is
H j (AB * (X)) = Ext j R (H T * (X), R). Under this isomorphism, the map H * T (X) → H 0 (AB * (X)) corresponds to the canonical map H * T (X) → Hom R (H T * (X), R).
Corollary 5.2. Let X and X ′ be two T -spaces having isomorphic equivariant homology. Then
Note that Corollary 5.2 holds, for instance, if there exists an equivariant quasiisomorphism X → X ′ , i. e., a homotopy equivalence for the Borel constructions.
Remark 5.3.
It is crucial for Corollary 5.2 that both X and X ′ satisfy our assumption on spaces as stated in Section 4.1. The conclusion does not hold, for example, for X and X ′ = ET × X, except if X is a locally free T -space, although the projection ET × X → X is always an equivariant quasi-isomorphism.
Remark 5.4. Let M be a finitely generated R-module and H * m (M ) its local cohomology with respect to the maximal ideal m ⊳ R. Local duality in this case refers to an isomorphism of R-modules
denote the homology of the Borel construction of the T -pair (X, Y ) and H j (AB * (X)) = Hom k (H j (AB * (X)), k) the homology of the non-augmented homological Atiyah-Bredon-sequence
Then, by local duality, the isomorphism (
Note that by Lemma 5.5 the complete Atiyah-Bredon sequence is exact if condition (1) holds for j = r, and that a finitely generated R-module is an r-th syzygy if and only if it free over R. Theorem 5.6 therefore contains the Atiyah-Bredon result [6, Main Lemma] and its converse as special cases.
The implication (3) ⇒ (4) is not a purely algebraic fact: For j = 1 and f ∈ R not a product of linear polynomials, the R-module R/(f ) is free over k[a] for all 0 = a ∈ H 2 (BT ), but it obviously has R-torsion.
is exact, which means that H * T (X) is a first syzygy. For j ≥ 2, consider a finitely generated free resolution
, this is a special case of the implication (1) ⇒ (2) in Proposition 2.3. Alternatively, it follows from Hilbert's Syzygy Theorem, which shows that it is true for not finitely-generated modules as well.
, this equivalence reduces to the familiar statement that H * T (X) is free over R if and only if the restriction map H *
We do induction on j (for all r and X simultaneously), observing that the case j = 0 is void. By induction, we have H i (AB * (X)) = 0 for all i < j − 2. Recall that by the Localization Theorem (in the version of [2, Thm. 3.2.6]) one has an isomorphism
for any i and any multiplicative subset S ⊂ R = H * (BT ), where 
is injective, or, equivalently, that H j−2 (AB * (X)) has no S-torsion. Pick an a ∈ S and let K ⊂ T be the subtorus such that H 
The universal coefficient theorem corresponding to the short exact coefficient sequence 0
5.3. Poincaré duality spaces. Let X be a PD space of formal dimension n, and let and o T be its equivariant orientation. As in Remark 3.6, we consider the equivariant Poincaré pairing
T which is (graded) symmetric and of degree −n. Recall that it is non-degenerate if the induced morphism of R-modules
is injective, and perfect if (5.5) is an isomorphism (of degree −n). Note that nondegeneracy is equivalent to the perfection of the localized pairing
where S = R \ {0}. Moreover, the map (5.5) corresponds to the map H * (1) If H *
T (X) is a j-th syzygy and of homological dimension at most j, then it is free over R. (2) If the Atiyah-Bredon sequence for X is exact at H
On the other hand, if it is a j-th syzygy, then H i (AB * (X)) = 0 for i ≤ j − 2 by Theorem 5.6. Lemma 5.5 now proves the first claim.
To reduce the second claim to the first, let j be the largest integer < r/2 + 1. By assumption, the Atiyah-Bredon sequence is exact at all positions i ≤ j − 2, hence H * T (X) is a j-th syzygy by Theorem 5.6. In particular, it admits a regular sequence of length j, so that its homological dimension is bounded by r − j. Now use the first part with r − j ≤ j.
6. Other supports 6.1. Basic definitions. In this section, k again denotes an arbitrary field, and X a T -space. We still assume that X fulfils the assumptions on T -spaces stated in Section 3.1, except for the finiteness condition on H * (X), which will be replaced by a new condition below.
Let (A, B) be a closed T -pair in X. We define the equivariant cohomology of (A, B) with compact supports by (A, B) ), (6.1) where (6.2) and the direct limits are taken over all T -stable open neighbourhood pairs (U, V ) of (A, B) such that X \ V is compact. By tautness and excision, this is easily seen to be naturally isomorphic to the Alexander-Spanier cohomology of the closure of (A, B) in the one-point compactification of X. Hence it does not matter whether (A, B) is considered a closed T -pair in X or in A.
The equivariant homology of (A, B) with closed supports is defined by taking the R-dual of (6.2), From now on we assume that all T -pairs (A, B) are such that H * T,c (A, B) is a finitely generated R-module (or, equivalently, H * c (A, B) a finite-dimensional kvector space). Note that this can be checked by computing the (equivariant) cohomology of the closure of (A, B) in any compactification satisfying our assumptions on T -spaces.
There are spectral sequences analogous to (3.5) and (3.8), (6.9) hence also a cap product (6.10) as well as the corresponding maps in cohomology. This cap product is used for equivariant Poincaré duality for non-compact homology manifolds; the proof is otherwise analogous to the case of PD spaces (Proposition 3.5) and is again based on the non-equivariant result [5, §3.6] . Note that we do not assume homology manifolds to be connected, only that all connected components have the same dimension. A, B) in an oriented n-dimensional manifold X, cf. [11, §VIII.7] , for instance. In this section we generalize this to equivariant (co)homology, and we also derive a spectral sequence version of it. A special feature of our approach is that we construct an honest chain map inducing the analogue of the isomorphism (6.11). This seems to be new and simplifies the proof in the non-equivariant case already.
Let X be an n-dimensional oriented k-homology manifold and let (6.12)
be an increasing filtration of X by locally contractible, closed T -stable subsets. (In our applications, this will be the orbit filtration. See Remark 4.4 on how to lift the assumption of local contractability.) Write X i = X \X i , so that the decreasing filtration of X by the open complements of the X i can be written as (6.13)
The aim of this section is to establish the following result:
Theorem 6.2. Taking the cap product with the equivariant orientation o T induces an isomorphism from the E 1 page on between the spectral sequences
Similarly, the spectral sequences (6.17) are isomorphic from the E 1 page on. 
of X. We write C * (X | U) for the complex of U-small cochains and similarly C * T (X | U) = C * (X | U) ⊗ R for the corresponding singular Cartan model.
Lemma 6.3. For any −1 ≤ i ≤ m there is a well-defined relative cup product
where the direct limit is taken over all open covers U induced by sequences U as above, and letC T,c * (X i , X j ) be the R-dual complex. Note that for i ≥ j we have short exact sequences (6.20) 0
and that the canonical mapsC *
T,c * (X i , X j ) are quasi-isomorphisms by tautness. By passing to the direct limit in Lemma 6.3, we get the family of relative cup products
Composition of (6.21) with c T yields a pairing
which we interpret as a map
As a result, we get the following diagram with exact rows:
(6.24)
We now filterC * T,c (X) and C
for 0 ≤ i ≤ m. This leads to a map of spectral sequences with
Note that the map (6.28) is independent of the choice of the representative c T .
We show that (6.28) is an isomorphism by induction on the length m of the filtration. For m = 0 we essentially get the equivariant Poincaré isomorphism from Proposition 6. commutes. Hence, the map (6.28) is the same in this case as the corresponding map between the E 1 pages of the spectral sequences for X ′ , which is an isomorphism by induction.
The second part of Theorem 6.2 follows analogously by dualizing (6.23) and the filtrations O and O. This finishes the proof. Corollary 6.7. Let X be an orientable k-homology manifold. Then the following spectral sequences are isomorphic from the E 2 page on:
Proof. Let n = dim X. By Theorem 6.2, the first spectral sequence is isomorphic, from the E 1 page on, to the spectral sequence T (X p \ X p−1 ) −→ 0 is exact. Using (6.33), these conditions can be seen to be equivalent to the degeneration of the spectral sequence coming from the filtration (F p ) at the E 1 page. We can generalize this result to continuous actions on homology manifolds. Unlike [12], we have to make an orientability assumption in order to use our version of Poincaré-Alexander-Lefschetz duality. Now Y is obtained from the 2(r − 2)-dimensional preimage of S by attaching an equivariant cell D r−1 × T of total dimension 2r − 1. Therefore, the map (7.5)
is an isomorphism in degrees j = 2r − 2 and 2r − 1. For 1 ≤ i ≤ r, consider the (r − 1)-cube P i = I i−1 × {1/2} × I r−i . The inclusion P i ֒→ Q extends to an equivariant inclusion (7.6)
It is not difficult to verify that the images (7.7)
form a basis of H 2r−2 (X) = H 2r−2 ((S 2 ) r ). Moreover, each b i is annihilated by all a j ∈ H 1 (T ) with j = i, and a i ·b i is the image of the fundamental class of T ·ι(P i ). Since P i can be deformed within Q to C in the same way as above, we get extension problems arise, and one finds 
